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ABSTRACT 
A Z-module (group) of integral vectors can be “constrained” by subspace and 
integrality constraints. We show how to extract these constraints from the Chvatal 
constraints of an integral monoid. 
1. INTRODUCTION 
A duality for integral monoids that involves Chvatal functions and is 
analogous to cone duality was presented in [5] and [6]. An integral version of 
Weyl’s theorem (Blair and Jeroslow [l]), Theorem 1 below, shows that any 
finitely generated integral monoid is “constrained’ by a finite set of Chvatal 
functions. It is shown in [5] and [6] that the linear (Weyl) constraints of the 
cone generated by an integral monoid can be extracted from the Chvltal 
constraints of the monoid by removing rounddowns. Here we will show that 
the constraints of the group generated by an integral monoid can also be 
extracted from the Chvatal constraints of that integral monoid. We first 
review some background definitions and results. 
Throughout, Q + and Z, denote the nonnegative rationals and integers, 
respectively. & denotes the set of n-dimensional linear functions with 
rational coefficients. All data are assumed to be rational. 
DEFINITION. An integral monoid M is a set of integral vectors contain- 
ing 0 that is closed under addition and, redundantly, scalar multiplication by 
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a positive integer. An integral monoid M is finitely generated by (a,, . . . , a,,,} 
c Z” if M = {yA ] y E Z;“}, where A is the m X n matrix whose rows are the 
vectors ai, 2 = 1,. . . , m. 
The set of Chvatal functions, 8, is defined as follows. 
DEFINITION. The set &n of n-dimensional functions from Q” tc Q is 
the smallest class 2’ with the following properties: 
(ii) f, g E 39’ and LY, p E Q, implies czf + fig E 3’; 
(iii) f E 2” implies If] E X, where [f](x) = [f(x)] Vx E Q”. 
The union tJ n ~ 1&n will be denoted by 6. Note that any function in t is 
homogeneous; i.e., if f E B then f(O) = 0. Also any function in d is 
superadditive; i.e., f(u + b) > f(u) + f(b). 
For each function f in 8 there is an associated linear function, f’, 
obtained from f by removing all the rounddowns and collecting terms. In 
[I], it is shown that the carrier function f’ is well defined and independent of 
the construction of f. 
We will need to make use of the following result: 
LEMMA 1 [5, 61. Let f E -e,, and let f’ be its linear carrier. Then there 
exists a positive integer k, such that 
f(kfx) =f’(kfx) Vr E Z”. 
The following result of Blair and Jeroslow [l] is an analogue of Weyl’s 
theorem for convex cones. 
THEOREM 1 [l] (Weyl analogue). Let Y = {yA 1 y E Z;l}. Then there exist 
n-dimensional Chva’tal functions f 1,. . . , f,, such that 
Y={xEZ"~f,(x)>0,i=1,..., p}. 
Let G(Y) denote the Z-module (abelian group) generated by an integral 
monoid Y c Z”, and let cone(Y) denote the cone generated by Y. Note that if 
Y ={yA 1 y E Zi;l), then it easily follows that G(Y)= (yA) y E Zm} and 
cone(Y)={yA(yEQ;“}. Th e o f 11 owing relations always hold: 
Yccone(Y)nG(Y)ccone(Y)nZ”. 
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Carvalho and Trotter [3] have shown that an integral monoid Y = cone(Y) n 
Z” if and only if the constraints of Theorem 1 are linear. A similar characteri- 
zation of integral monoids Y where Y = cone( G(Y) is given in [5] and 
[6]. In order to give this characterization, we need the following definition. 
DEFINITION. For each n E Z,, let gn” denote the set of functions 
f E 4, which are either linear, or can be written in the form 
where g is a linear function. Note that any function f in &no is such that 
f’= 0. 
Any finitely generated Z-module G in Z” (a set of integer vectors closed 
under integral combinations) can be constrained as follows (see [2] or [3]): 
G={xEZnlgj(x)EZ,i=l,..., p,andh,(r)=O,j=l,..., k}, (1) 
where the gi’s and hj’s are in J”. Equivalently, 
G={x~Z”]f,(x)>O,i=l,..., p, 
h,(x)>O,j=l,..., k, 
-hj(x)>O, j=l,..., kL (2) 
where fi = lgi] - gi. Thus any finitely generated Z-module G is finitely 
constrained by functions in Co. In 151 and [6] it is shown that if Y is an 
integral monoid, then Y is finitely &O-constrained if and only if Y = cone(Y) 
n G(Y). 
As mentioned above, if Y is a finitely generated integral monoid, the 
linear functions constraining cone(Y) can be obtained from the Chvdtal 
functions constraining Y by removing rounddowns. 
THEOREM 2 [5, 61. Let 
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where f, ,..., f,, E 6,. Then 
cone(Y) ={x EQ”lfi’(x) >O, i=l,...,p). 
Thus if Y is an integral monoid which is finitely constrained by Chvital 
functions, the linear functions constraining cone(Y) can be determined from 
the Chvatal functions constraining Y. In the next section it is shown that the 
B0 functions constraining G(Y) can also be found from the Chvrital con- 
straints of Y. 
2. FINDING THE CONSTRAINTS OF G(Y) 
A function f E 4,:, may always be expressed in the form 
f(x) = i %dX) + t 
i=l 
(31 
where each gi is of the form 
hi E 4n is also (inductively) written in the form (31, i = 1,. . , r; a, 2 0, 
i=l,..., r; and t E &. Denote by E the specific construction of f given 
in (3). 
DEFINITION. The set of nested linear pieces of the construction E of f, 
M( E, f >, is defined inductively by 
M(E,f) = ; (g,} 0 M(E,hi). 
i=l i=l 
EXAMPLE. If 
then 
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LEMMA 2. If f E &,,, then given x E Z” and any construction E off, 
f’(x)=f(x>ifundonZyifs(x)EZforeverysE.M(E,f). 
Proof. Let f be written in the form (3). Then 
f’(X) = i: a,g/(x)+t(r). 
i=l 
First suppose that f’(x)= f(x). Then 
O=j-,(x)-f(x)= iai[g;(x)-g,(r)]>O. 
i=l 
Thus g/(x) = g,(x) for each i = 1,. . ., r. Since gi is always integer-valued, it 
must be that h;(x) = g;(x) E Z for i = 1,. . . , r, where 
Also, since hi(x) > g,(x) = h$x) 2 hi(x), it must be that hi(x)= h:(x) E Z 
for i=l ,. . .,r. Thus by induction, it is also true that s(x) E 2 for every 
s E .,V( E, hi) for each i. It thus follows that s(x) E 2 for each s E JY(E, f >. 
Conversely, if s(x) E Z for every s E M( E, f 1, it is easy to see that 
f’(X) = f(x). n 
For the results that follow below it is assumed that Y is a finitely 
generated integral monoid expressed in the form (see Theorem 1) 
where fi E &“, i = 1,. . . , p. Also, let 0 < k < p be such that f,‘(x) = 0 for 
every XEY, i=l,..., k, and let Ei be a construction of fi as in (3) for 
i = l,...,k. 
PROPOSITION 1. For the setting described above, g(x) E Z for every 
g E U :=,Jy( Ei, fi> and fm every x E G(Y); i.e., 
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Proof. Since 0 = h’(x) 2 h(r), i = 1,. . . , k, for every x E Y, it must be 
that fi(x)=O for i=l,..., k if x E Y. Then for every x in Y, h’(x) = f,(x), 
i=l,..., k. By Lemma 2, g(x) E Z for every g E IJ f=,M(Ei,fi) and every 
2 E Y. 
Let x EG(Y). Then r = xi - x2, where x1,x2 E Y. Hence for every 
g E U f=l-/Y(E,>fi> we have g(x,) E Z and g(x,) E Z. Since any such g is 
linear, g(x) = g(x, - x2) E Z. n 
Proposition 3 below shows that the above are all the integrality con- 
straints needed to constrain G(Y). The only remaining constraints needed 
are subspace constraints, i.e., the hj’s of (I) and (2). Let S(Y) denote the 
subspace generated by Y. 
PROPOSITION 2. For the setting described above, 
Proof. For i = l,.. ., k, fi’(x> = 0 for every x in S(Y), since fi’(x) = 0 
for every x in Y. Conversely, suppose x is given so that .fi’(x) = 0, i = 1,. . . , k. 
For each fi’, j = k + 1,. . . , p, there exists zj E Y such that fjl(zj) > 0. Let 
z = xjzj so that fj’(z) > 0 for j = k + 1,. . . , p. Scale .z by a positive integer 
m so that fj’(mz) > - fj’(x), j = k + 1,. . . , p. Then for i = 1,. . . , k, 
andfor i=k+l,...,p 
Thus by Theorem 2, x + mz E cone(Y). Now z E Y and mz E Y C cone(Y), 
sox=(x+mz)-mzE{u-v~u,vEcone(Y)}=S(Y). n 
PROPOSITION 3. For the setting described above, suppose that x E Z” f~ 
S(Y). Then ifg(x) E Zfor every g E lJ kzl~(Ei,fj), itfollows that x E G(Y). 
Proof. Let x’ E Z” n S(Y), and suppose g(x’) E Z for every g E 
U fz1_4’( Ei, fi). Since f,‘(x) = 0 for every x in Y, i = 1,. . . , k, it is also true 
that fj’(x)=O, i=l,..., k, for all x in S(Y). In particular, fi’(x’)= 0, 
i=l >...a k, and by Lemma 2, f&x’)= 0 for i = I,..., k. 
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Now consider fj, for j = k + 1,. . . , p. For each such j there exists zj E Y 
such that fj’(zj> > 0. By Lemma 1, we can assume that fj(zj) > 0 also. Let 
z = Zj.zj. Pick a positive integer m such that fj(mz) > - fj(x’) for j = k + 
1 ,..., p.Thenfor i=l,..., k, 
and for i = k + 1,. . . , p, 
f,(mz+x’)>fi(mz)+fi(x’)>O, 
where the two inequalities follow from the superadditivity of Chvatal func- 
tions. Thus mz + x’ E Y, and since mz E Y, 
x’=(mz+x’)-mzE{u-vlu,vEY}=G(Y). n 
Combining Propositions 1, 2, and 3, we have the following theorem. 
THEOREM 3. Let Y be an integral monoid, with Chva’tal constraints 
fl,. ., f,, where fir(x) = 0 for every x E Y, i = 1,. . , k, f_~ 0 < k 6 p, and E, 
is a construction off, as in (3) for i = 1,. , k. Then, 
G(Y)= FEZ” XES(Y) and 
i I 
g(x)EZforeverygE ;“(Ei,fi) 
i=l i 
= xEZ” fi’(x)=O, i=l,..., k, and 
1 I 
g(x)EZforeverygE ;M(Ei,fi) . 
i=l 
Thus the to functions constraining G(Y) can be extracted from the Chva’tal 
constraints of Y. 
We conclude by noting that if Y is an integral monoid, the linear 
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constraints of cone(Y) can be found by Fourier-Motzkin elimination (see [7]). 
The constraints of G(Y) can be found (in polynomial time) using unimodular 
elimination (see [4]). There is no known elimination scheme to find the 
Chvatal constraints of an integral monoid. Perhaps knowing how the con- 
straints of cone(Y) and those of G(Y) are imbedded in the constraints of Y 
will aid in the development of such an elimination scheme. 
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